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Buckling of Imperfect Stiffened Cylinders under
Destabilizing Loads including Torsion

Izhak Sheinman* and George J. Simitsest
Georgia Institute of Technology, Atlanta, Ga.

This paper deals with the buckling of imperfect, thin, circular, cylindric, stiffened shells under the application
of destabilizing loads, including uniform axial compression, lateral pressure, and torsion. The analysis includes
individual load application as well as the case of combined loads. The methodology presented is based on the
smeared technique, the Yon Karman-Donnell nonlinear kinematic relations, linear constitutive relations, and it
considers the most general shape of a geometric imperfection. Numerical results for various configurations are
presented. From the limited cases considered, one may conclude that stiffened configurations are not as sensitive
as unstiffened ones, when loaded in torsion.
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Nomenclature
= area
= Fourier coefficients (radial displacement

expression)
= Fourier coefficient (imperfection ex-

pression)
= stringer and ring cross-sectional area
= Fourier coefficients (stress function ex-

pression)
= flexural stiffness of the skin
= Young's modulus of elasticity
= extensional stiffness of the skin
= stringer and ring eccentricities (positive

inward)
= average unit end shortening, unit end twist
= stress function
= stringer and ring moment of inertia about

their centroidal axes
= number of terms in truncated Fourier

series
= stringer and ring spacings
= mesh point
= total length of the shell
= moment resultants
= number of axial half waves
= stress resultants
= applied compressive load and applied

torsion load
= classical buckling loads
= critical loads (limit point)
= number of circumferential full waves
= number of points in axial direction
= pressure
= Fourier coefficient (pressure expression)
= radius of the cylinder
= skin thickness
= total potential
= in-plane displacements
= radial displacement (positive inward)
= radial geometric imperfection
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x,y,z — coordinate system
Z =Batdorf curvature parameter [=L2(1 —

exx, eyy, exy = reference surface strains
rjxxfrjyy)r)xy = reference surface changes in curvature and

torsion
^•xx* ^yy = smeared extensional stiffnesses of stringers

and rings
Pxx>Pyy = smeared flexural stiffnesses of stringers

and rings
v =Poisson's ratio
( ) ' = []>* = derivative with respect to x
A = knockdown factor (for individual load

application A = Ncr/Ncl)

L Introduction

MOST of the investigations reported in the open literature
(see Ref. 1 and the cited references therein for a

complete and comprehensive historical sketch) that consider
buckling of imperfect shell configurations employ an isotro-
pic constant thickness geometry and a uniform axial com-
pression. Very few consider other constructions and even
fewer torsional loading. Loo,2 in 1954, reported the results of
his investigation of the effect of initial imperfections on the
critical condition for a simply supported, constant-thickness,
isotropic, thin, cylindrical shell loaded in torsion. His for-
mulation contains numerous approximations and simplifying
assumptions. Nash3 removed some of the simplifying
assumptions and extended Loo's work to the case of clamped
boundary conditions. Both of these investigations have made
important contributions to the state of the art, but their
reported results can only be considered as qualitative.

A different approach, based on Koiter's initial post-
buckling theory (Refs. 4 and 5) was employed by Budiansky6

in.dealing with the same problem as Loo and Nash. Results
were presented for classical, simply supported and two sets of
clamped boundary conditions.

The present paper is an extension of the work reported by
the authors in Refs. 1 and 7. These references present the
buckling analysis of imperfect, stiffened, thin cylinders of
finite length under uniform axial compression and/or lateral
pressure, for axisymmetric or at most symmetric im-
perfections and various boundary conditions. The present
paper removes the limitation on the imperfection shape and
considers individual or combined application of uniform axial
compression, lateral pressure (which can be position
dependent), and uniform end torsion. The methodology of
Ref. 1 is modified to accommodate the general shape of the
imperfection and the new load conditions. Results of this



1700 I. SHEINMAN AND G. J. SIMITSES AIAA JOURNAL

investigation are presented both in graphic and tabular form
for several examples.

II. Mathematical Formulation
Given an imperfect ( w ° ) , stiffened, thin, circular cylin-

drical shell of finite length L and various boundary conditions
under the application of axial compression, lateral pressure,
and torsion, the equilibrium equations can be derived by
employing the steps outlined in Ref. 1. By introducing the
Airy stress function as

Nxx=-Nxx+F,yy

yy »xx

N =/V — Fxy xy ' xy (1)

where A^ is the applied uniform compression and Nxy is the
applied torsional stress resultant, the equilibrium and
compatibility equations in terms of w and F become

- -L[F,w +

° ')-p=0 (2)

(3)

where the operators Lh, Lq) and Ld are defined in Ref. 1, and
p is the applied pressure.

The expression for the total potential is given by

T=^~ \ IPlF.ly+W'nac+hF.vcKyyZJtL YY JAxx

D
+ /34F2,xy]dA+-

] cL4 - \ 2p4F,xydA - \ pwdA
JA JA

(4)

where the coefficients a, and ft are defined in Ref. 1 , and the
symbols eA v and yA v denote the average end shortening and
average shear strain, respectively. The mathematical ex-
pressions for these quantities are given by

!~ 2icRL Jo Jo

(5)

27V,,
U-v)Ex

+ w,xw,y 4- w,yw°,x

__!_{** ft-
2-irRL Jo Jo

v,,w%]c

2F,A
(l-v)EX

(6)

Similarly, the expressions for the end shortening and shear
strain at y = 0 are given by

= 0)=a1Nxx- -

+ a4w,yy-I/2 w,x(w,x+2w°,x) ]y=0dx (5a)

2NX

(^-")£* (l-p)EX

(6a)

The boundary conditions are developed in a manner similar
to Ref. 1, and the general computer program is written to
accomodate any combination of transverse and in-plane
boundary conditions (SS,, CQ, FFit i= 1,2,3,4)

SS W =

CC w =
FF Q$=

^x 4) v = u = C (7)

where C is a constant, and the conditions in u and v may be
expressed in terms of w and Fas in Ref. 9.

The first step in the methodology, employed herein as well
as in Ref. 1 , is to reduce the governing equations (2) and (3)
from a system of coupled nonlinear partial differential
equations to a system of coupled nonlinear ordinary dif-
ferential equations. This is accomplished by employing the
following separated form for w and F.

(x) cos—- +DfF(x,y) = £ \C,
i=o L

(8)

In addition, if one considers the imperfection to be, in
general, asymmetric and the applied pressure position
dependent, then similar expressions may be employed for
w°(x,y) andp(x,y),

K

P(x,y) =
K - r (9 )

K J

The reduction to ordinary differential equations is ac-
complished through the following steps.

1) Equations (8) and (9) are substituted into the com-
patibility equation (3). Then, by employing trigonometric
identities involving products and the linear independence of
the sine and cosine terms, (4AT+ 1) coupled nonlinear ordinary
differential equations are obtained. This substitution clearly
shows why the summation in the F(xfy) expression is from
zero to 2K. These equations, which relate the A j ( x ) , B^x),
Cj (x), etc., are given as Eqs. (1 1) and (12) in Ref. 8, which is
an expanded version of the present paper.

2) Equations (8) and (9) are substituted into the
equilibrium equations (2), and the error is made orthogonal to
cos(iny/R) and sin(iny/R) for / = 0,1, 2... K. This is a
Galerkin-type procedure with respect to the circumferential
direction. The vanishing of the (2k + 1) Galerkin integrals
leads to a system of (2k +1) nonlinear ordinary differential
equations (equilibrium). These equations may also be found
in Ref. 8, as Eqs. (14-16).

Note that the equations governing the response of the
imperfect configuration to any level of the applied loading
(Nxx, Nxy, p-, and/?2) for a given shape and magnitude of the
imperfection (A°it B°t) are reduced to a system of (6k + 2)
equations, in (6k + 2) unknowns, Ai(i = Ot\...K)9
Bi(i=l,2...K), Ci(i = Q,1...2K), and Df(i= 1,2. ..K). Note
that C0, through Eq. (1), has been eliminated from the
remaining equations. In these governing equations, one more
undetermined parameter is present, the wave number n. This



DECEMBER 1977 BUCKLING OF IMPERFECT STIFFENED CYLINDERS 1701

number is established by requiring the total potential to be a
minimum at the equilibrium point (see Refs. 1 and 8). Because
of this, the expression for the total potential is needed, which
is also given in Ref. 8, as well as the expressions for the
average unit end shortening eav and unit end twist yav. In
addition, the expressions for the average unit end shortening
and unit end twist at >> = 0 are given in Ref. 8. These
parameters are used as characteristic displacement or rotation
in characterizing equilibrium states (load-deflection curves).
The reason for their use instead of that of the average values is
because the resulting plots are better and more
distinguishable.

Finally, the appropriate boundary conditions are also
expressed in terms of Aif Bif C;, and /},-.

III. Solution Procedure
The solution procedure employed herein is a modification

of the procedure described in Ref. 1. A generalization of
Newton's method, applicable to differential equations, serves
to reduce the nonlinear field equations, and the appropriate
boundary conditions to a sequence of linear systems. In this
method, the iteration equations are derived by assuming that
the solution is achieved by a small correction to an ap-
proximate solution (initially taken as the linear solution).
These small corrections are obtained from the solution of the
linearized (with respect to the corrections) differential
equations. The ordinary differential equations are cast into
the form of finite difference equations as in Ref. 1. The
unknown vector Z contains (12K+2) elements

(Z) T = {A0,A1...AKtB1.,.BK)C1...C2K>D1...D2Ks

AS, Af;.. .AZ,BJ. ..B%, cr;... c^Df;. ..DSK }
Note that the second derivatives (of Ait Bit C/ and Dt) are
considered as independent elements of the vector {Z).

By using one fictitious point on each exterior side of the
cylinder ends, one can write a system of (\2K + 2)(NP + 2)
difference equations, where NP denotes the number of mesh
points. This system of difference equations can be solved by
the special algorithm reported in Ref. 10 when a unique
solution exists for a given set of applied loads. When the set of
applied loads corresponds to a critical condition (limit point),
a unique solution does not exist and thus the solution of the
system of difference equations fails to converge. On the basis
of these observations, the description of the solution
procedure is as follows: First, the system of difference
equations is solved for a small level of the applied load. Then,
a multiple of this solution is used for a small increase in the
load parameter. At each step, the value of n is needed to
accomplish a solution. To this end, different values of n are
used to obtain a solution. The solution that corresponds to the
value of n that minimizes the total potential is considered as
the correct one for that step. Numerical integration is used to
find the total potential. The number of n values needed to be
tried at each step is small, since the circumferential mode
does not vary significantly with small increases in the applied
load. For the purpose of minimizing the time required to
accomplish a solution, judgment, based on experience, is
used, which provides a balance between load step size (and
consequently number of steps) and number of n values at each
step. Numerical integration is also used, at each step, to
compute the corresponding unit end shortening and/or
average shear strain. Finally, this procedure is continued until
the solution of the system of difference equations fails to
converge. The associated load level corresponds to the critical
condition.

In the case of combined loads, the procedure is virtually the
same, but only one of the loads is increased while the
remaining are kept constant. The ones kept constant are those
that are small by comparison to the linear theory individual
load application critical condition. For example, consider the

case of a configuration under the application of uniform axial
compression Nxx and torsion Nxy. For this case, suppose that
one is interested in finding the effect that a given imperfection
has on the critical condition (this means to find the critical
curve in the Nxx, Nxy space that corresponds to this im-
perfection, and compare it to the critical curve that
corresponds to perfect geometry and is obtained through
linear theory). Through the use of linear theory the critical
curve can be found for a given structural configuration (see
Fig. 1). The intercepts denote critical loads under individual
a_pplication_(from the typical_curve of Fig. 1 these values are
Nrr =5A and NYV =SA where A is some numericalxxcr^ ycrL
constant). From the nonlinear procedure, outlined herein for
individual load application and a given imperfection, one
can find the nonlinear theory critical loads (see Fig. 1,
Nxx = 3A, and Nxy = = 7 A). To find the completexxcrNL

 xyCrN_L

curve one can 1) fix Nxy=A and 2A and employ the
methodology by increasing Nxx to find points I and II and 2)
fix Nxx = A and increase Nxy to find point III.

There is an alternate approach in constructing the nonlinear
critical curve. This approach requires that both N^ and Nxy
be increased linearly (along line OP corresponding to some
angle 0) to find the critical combination, point III, for that 8
value. Then vary 8 from zero to ir/2 and the complete curve is
generated. Both approaches are incorporated into the
computer program. __ __

Regardless of the approach used, the ratio \OIH/\OP\ is a
measure of the imperfection sensitivity (instead of
\QIII\J \QP'\). This ratio may be called knockdown factor

and denoted by A.

IV. Numeric Results and Discussion
The present methodology is demonstrated through a

number of illustrative examples. Numerical solutions are
obtained by employing the Georgia Tech high-speed digital
computer CDC-CYBER 70, Model 74-28.

A general computer program is written that includes the
following features: 1) It is applicable to a stiffened con-
figuration, in either or both directions, as well as to an un-
stiffened configuration. 2) It accommodates all possible
boundary conditions (SS/, CCi, FFi, etc.), and it can easily be
modified to accommodate elastic end restraints. 3) The
number of Fourier terms K can be as large as needed for
accuracy. The same is true for the number of mesh points NP
in the finite difference scheme. 4) The shape of the geometric
imperfection is unrestricted. 5) It is applicable to any in-
dividual or combined application of uniform axial com-
pression, torsion, and space-dependent lateral pressure. 6)
The CPU time required to obtain a solution is reasonably
small. For example, by using K=\ and NP=51 (826
unknowns) a solution (critical load and all intermediate steps)
is obtained in 18 sec. For low load levels, a convergent
solution is obtained through two iterations. For load levels
approaching the limit point a convergent solution is obtained
through six iterations. The solution has converged if the
percent difference in response between two consecutive
iterations is smaller than 10 ~ 4 .

The numerical results for all illustrative examples (10) are
presented in Table 1. The geometric parameters and load
conditions for each example number are shown. In addition,
the perfect geometry (linear theory) results, the imperfection
analysis results (present nonlinear theory), and the associated
knockdown factor, A, are shown. For all 10 examples the
boundary conditions are taken to be classical simply sup-
ported (5S3). Poisson's ratio for examples 4 and 5 is 0.3333,
whereas for the remaining examples it is 0.3.

Examples 1, 2, and 3 have been reported in Refs. 1 and 7.
The imperfection considered, for these examples, herein is

„ rnirx / ny
(x,y) —t sin—— (cos— +smL \ R

ny\
R )
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Table 1 Final results for imperfect stiffened cylindrical shell

dS f
x L R t

1 4 4 0.04

2 4 4 0.04

3 4 4 0.04

4 4 8 0.1886

5 16 4 0.006

6 4 4 0.04

7 4 4 0.04

8 4 4 0.04

9 4 4 0.04

10 4 4 0.04

: = (10.5)106

z

95.4

95.4

95.4

10

10000

95.4

95.4

95.4

95.4

.95.4

Geor

ex

t

6

6

-6

0

0

6

6

6

6

6

etric parameters

^ *„ *
'

3 0.91 0.455

6 0.91 0.91

-6 0.91 0.91

0 0 0

0 0 0

3 0.91 0.455

3 0.91 0.455

3 0.91 0.455

3 0.91 0.455

3 0.91 0.455

PXX Pyy

100 20

100 100

100 100

0 0

0 0

100 20

100 20

100 20

100 20

100 20

Loading

Nxx

P
pr

N ' = - ,p
2

"Xy

Nxy

"Xy

"Xy

"Xy

Nxy

Nxx = 8000

Linear buckling load,
perfect cylinder

Nxxcl
 Nxyd Pel

1 Q 7QO

7060

16,200 - 8100

30,660

7.04

26,260

26,260

26,260

26,260

8000 20,280

n

4

4

4

8

9

5

5

5

5

4

c ^

ss
« <s

1.0

1.0

1.0

1.0

1.0

1.0

2.0

3.0

5.0

1.0

Nonlinear solution, imperfect cylinder

/V N

15,250

-

9385

16,500

5.0

21,500

20,500

20,000

20,000

8000 16,250

Per A

0.771-0.790

6500 0.92

4693 0.579

0.538

0.714

0.819

0.781

0.762

0.762

0.856

nrr

4

4

4

8

9

5

4

4

4

5

Fig. 1 Critical conditions under combined loads (typical qualitative
curves).

Although a more general imperfection shape is used in this
paper [in Refs. 1 and 7 the imperfection shape was taken to be
symmetric, cos (ny/R) only] the results are the same because,
in the absence of torsion, there is no coupling between sine
and cosine terms.

Examples 4 and 5 correspond to an unstiffened con-
figuration under torsion only, and they correspond to cases
that have been worked out previously (see Ref. 6) by em-
ploying a Koiter-type analysis. The difference between these
examples is the curvature parameter (Z= 10 for example 4,
and Z=104 for example 5). A comparison between the
present results and those of Ref. 6 shows very good agreement
for both cases. The imperfection for these two examples was
taken to be

(10)

with <5 = / and Am and Bm are the elements of the
corresponding perfect geometry linear theory eigenvector.

Note that in the case of torsion there are two different
eigenvectors (linear theory), one corresponding to positive
torsion and one to negative torsion. Since the imperfection
shape is considered to be similar to this eigenvector, the
analysis is performed to check the effect of one on the other.

y | y = 0 ] x l o
Fig. 2 Load vs angle of twist for imperfect stiffened cylinders
(examples 6-9).

It is found that an imperfection shape similar to the positive
torsion eigenvector has virtually no effect on the load carrying
capacity when the torsion is applied in the negative direction.
(The shell is insensitive and thus A = 1.) This reinforces the
contention that the shell is sensitive to imperfection shapes
that are similar to the corresponding perfect geometry linear
theory eigenvector. This observation is made for all other
examples with torsional loads.

Examples 6 through 9 correspond to a stiffened con-
figuration (same for all four), imperfection shapes charac-
terized by Eq. (10), and different imperfection amplitudes
(5 = t, 2t, 3/, and 5t, respectively). The results for these cases
are also presented graphically on Figs. 2 and 3. Two ob-
servations are worth mentioning here. First, the "guessed"
postbuckling behavior (see dotted line on Fig. 2) indicates that
shells loaded in torsion are not as sensitive to geometric
imperfections as those loaded in axial compression. This is in
agreement with the qualitative results of Ref. 3. Second,
stiffened configurations of the same curvature parameter
(based on actual thickness) or a weighted curvature parameter
(based on a weighted thickness that includes the smeared
stiffener contribution) are not as sensitive as the
corresponding unstiffened configurations. According to Ref.
6 (see Table 1; Case I and Fig. 6 of Ref. 6) the knockdown
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1 . 2 3 4 5
8/t

Fig. 3 Knockdown factor vs imperfection amplitude (examples 6-9).

factor for an unstiffened configuration with Z<96 is
definitely smaller than 0.6 (A<0.6), while for these stiffened
geometries A > 0.76.

Finally, example 10 corresponds to the same stiffened
configuration as examples 1 and 6 through 9 but under
combined application of axial compression and torsion. The
imperfection shape for this example, also, is taken to be
similar to the classical perfect geometry eigenvector. Since,
for this geometry, the analysis is performed for individual
load application (examples 1 and 6), the knockdown factor is
computed as described in the previous section (see Fig. 1).
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